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ON CONJUGACY OF SUBALGEBRAS OF GRAPH
C∗-ALGEBRAS
TOMOHIRO HAYASHI, JEONG HEE HONG, SOPHIE EMMA MIKKELSEN,
AND WOJCIECH SZYMAN´SKI
Abstract. The problem of inner vs outer conjugacy of subalgebras of certain graph
C
∗-algebras is investigated. For a large class of finite graphs E, we show that whenever
α is a vertex-fixing quasi-free automorphism of the corresponding graph C∗-algebra
C∗(E) such that α(DE) 6= DE , where DE is the canonical MASA in C∗(E), then
α(DE) 6= wDEw∗ for all unitaries w ∈ C∗(E). That is, the two MASAs DE and
α(DE) of C∗(E) are outer but not inner conjugate. For the Cuntz algebras On, we
find a criterion which guarantees that a polynomial automorphism moves the canonical
UHF subalgebra to a non-inner conjugate UHF subalgebra. The criterion is phrased
in terms of rescaling of trace on diagonal projections.
1. Introduction
Maximal abelian subalgebras (MASAs) have played very important role in the study of
von Neumann algebras from the very beginning, and their theory is quite well developed
by now. Theory of MASAs of C∗-algebras is somewhat less advanced, several nice
attempts in this direction notwithstanding. Our particular interest lies in classification
of MASAs in purely infinite simple C∗-algebras, and especially in Kirchberg algebras. In
addition to its intrinsic interest, better understanding of MASAs in Kirchberg algebras
could have significant consequences for the classification of automorphisms and group
actions on these algebras. In this context, we would like to single out the recent work
of Barlak and Li, [2], where a connection between the outstanding UCT problem for
crossed products and existence of invariant Cartan subalgebras is investigated.
It is a very difficult problem if two outer conjugate MASAs (that is, two MASAs
A and B for which there exists an automorphism σ of the ambient algebra such that
σ(A) = B) of a purely infinite simple C∗-algebra are inner conjugate as well (that is,
if there exists a unitary w such that wAw∗ = B). This question was answered to the
negative in [7, Theorem 3.7] for quasi-free automorphisms of the Cuntz algebras On.
In the present paper, we extend the main result of [7] to the case of purely infinite
simple graph C∗-algebras C∗(E) corresponding to finite graphs E. Namely, we show in
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Theorem 2 below that every quasi-free automorphism of C∗(E) either leaves the canon-
ical MASA DE globally invariant or moves it to another MASA of C
∗(E) which is not
inner conjugate to DE . Although our Theorem 2 is stated for quasi-free automorphisms
only, it is in fact applicable to some other automorphisms as well. This is due to the fact
that passing from one graph E to another F with the isomorphic algebra C∗(F ) ∼= C∗(E)
will often not preserve the property of an automorphism to be quasi-free. To make the
present paper self-contained, we recall the necessary background on graph C∗-algebras
and their endomorphisms in the preliminaries.
The problem of conjugacy of subalgebras has been mostly investigated in the context
of MASAs. However, it is very interesting for other types of subalgebras as well. In
the present paper, we initiate systematic investigations of the outer vs inner conjugacy
for the canonical UHF-subalgebra Fn of the Cuntz algebra On. More specifically, we
address the question if Fn may be inner conjugate to λu(Fn), where λu is a polynomial
automorphism of On, building on the first observations in this direction made in [5].
Our results have clear potential for shedding more light on the mysterious structure of
the outer automorphism group of On.
2. Preliminaries
2.1. Finite directed graphs and their C∗-algebras. Let E = (E0, E1, r, s) be a
directed graph, where E0 and E1 are finite sets of vertices and edges, respectively, and
r, s : E1 → E0 are range and source maps, respectively. A path µ of length |µ| = k ≥ 1 is
a sequence µ = (µ1, . . . , µk) of k edges µj such that r(µj) = s(µj+1) for j = 1, . . . , k− 1.
We view the vertices as paths of length 0. The set of all paths of length k is denoted Ek,
and E∗ denotes the collection of all finite paths (including paths of length zero). The
range and source maps naturally extend from edges E1 to paths Ek. A sink is a vertex
v which emits no edges, i.e. s−1(v) = ∅. By a cycle we mean a path µ of length |µ| ≥ 1
such that s(µ) = r(µ). A cycle µ = (µ1, . . . , µk) has an exit if there is a j such that s(µj)
emits at least two distinct edges. Graph E is transitive if for any two vertices v, w there
exists a path µ ∈ E∗ from v to w of non-zero length. Thus a transitive graph does not
contain any sinks or sources. Given a graph E, we will denote by A = [A(v, w)]v,w∈E0 its
adjacency matrix. That is, A is a matrix with rows and columns indexed by the vertices
of E, such that A(v, w) is the number of edges with source v and range w.
The C∗-algebra C∗(E) corresponding to a graph E is by definition, [16] and [15],
the universal C∗-algebra generated by mutually orthogonal projections Pv, v ∈ E
0, and
partial isometries Se, e ∈ E
1, subject to the following two relations:
(GA1) S∗eSe = Pr(e),
(GA2) Pv =
∑
s(e)=v SeS
∗
e if v ∈ E
0 emits at least one edge.
For a path µ = (µ1, . . . , µk) we denote by Sµ = Sµ1 · · ·Sµk the corresponding partial
isometry in C∗(E). We agree to write Sv = Pv for a v ∈ E
0. Each Sµ is non-zero with
the domain projection Pr(µ). Then C
∗(E) is the closed span of {SµS
∗
ν : µ, ν ∈ E
∗}. Note
that SµS
∗
ν is non-zero if and only if r(µ) = r(ν). In that case, SµS
∗
ν is a partial isometry
with domain and range projections equal to SνS
∗
ν and SµS
∗
µ, respectively.
The range projections Pµ = SµS
∗
µ of all partial isometries Sµ mutually commute,
and the abelian C∗-subalgebra of C∗(E) generated by all of them is called the diagonal
subalgebra and denoted DE. We set D
0
E = span{Pv : v ∈ E
0} and, more generally,
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DkE = span{Pµ : µ ∈ E
k} for k ≥ 0. C∗-algebra DE coincides with the closed linear
span of
⋃∞
k=0D
k
E. If E does not contain sinks and all cycles have exits then DE is a
MASA (maximal abelian subalgebra) in C∗(E) by [14, Theorem 5.2]. Throughout this
paper, we make the following
standing assumption: all graphs we consider are transitive and all cycles in these
graphs admit exits.
There exists a strongly continuous action γ of the circle group U(1) on C∗(E), called
the gauge action, such that γz(Se) = zSe and γz(Pv) = Pv for all e ∈ E
1, v ∈ E0 and
z ∈ U(1) ⊆ C. The fixed-point algebra C∗(E)γ for the gauge action is an AF-algebra,
denoted FE and called the core AF-subalgebra of C
∗(E). FE is the closed span of
{SµS
∗
ν : µ, ν ∈ E
∗, |µ| = |ν|}. For k ∈ N = {0, 1, 2, . . .} we denote by FkE the linear
span of {SµS
∗
ν : µ, ν ∈ E
∗, |µ| = |ν| = k}. C∗-algebra FE coincides with the norm
closure of
⋃∞
k=0F
k
E.
We consider the usual shift on C∗(E), [13], given by
(1) ϕ(x) =
∑
e∈E1
SexS
∗
e , x ∈ C
∗(E).
In general, for finite graphs without sinks and sources, the shift is a unital, completely
positive map. However, it is an injective ∗-homomorphism when restricted to the relative
commutant (D0E)
′ ∩ C∗(E).
We observe that for each v ∈ E0 projection ϕk(Pv) is minimal in the center of F
k
E.
The C∗-algebra FkEϕ
k(Pv) is the linear span of partial isometries SµS
∗
ν with |µ| = |ν| = k
and r(µ) = r(ν) = v. It is isomorphic to the full matrix algebra of size
∑
w∈E0 A
k(w, v).
The multiplicity of FkEϕ
k(Pv) in F
k+1
E ϕ
k+1(Pw) is A(v, w), so the Bratteli diagram for
FE is induced from the graph E, see [13], [16] or [3]. We also note that the relative
commutant of FkE in F
k+1
E is isomorphic to
⊕
v,w∈E0 MA(v,w)(C).
For an integer m ∈ Z, we denote by C∗(E)(m) the spectral subspace of the gauge
action corresponding to m. That is,
C∗(E)(m) := {x ∈ C∗(E) | γz(x) = z
mx, ∀z ∈ U(1)}.
In particular, C∗(E)(0) = C∗(E)γ. There exist faithful conditional expectations ΦF :
C∗(E) → FE and ΦD : C
∗(E) → DE such that ΦF(SµS
∗
ν) = 0 for |µ| 6= |ν| and
ΦD(SµS
∗
ν) = 0 for µ 6= ν. Combining ΦF with a faithful conditional expectation from FE
onto FkE, we obtain a faithful conditional expectation Φ
k
F : C
∗(E)→ FkE . Furthermore,
for eachm ∈ Z there is a unital, contractive and completely bounded map Φm : C∗(E)→
C∗(E)(m) given by
(2) Φm(x) =
∫
z∈U(1)
z−mγz(x)dz.
In particular, Φ0 = ΦF . We have Φ
m(x) = x for all x ∈ C∗(E)(m). If x ∈ C∗(E) and
Φm(x) = 0 for all m ∈ Z then x = 0.
2.2. Endomorphisms determined by unitaries. Cuntz’s classical approach to the
study of endomorphisms of On, [12], has recently been extended to graph C
∗-algebras
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in [7] and [1]. In this subsection, we recall a few most essential definitions and facts
about such endomorphisms.
We denote by UE the collection of all those unitaries in C
∗(E) which commute with
all vertex projections Pv, v ∈ E
0. That is
(3) UE := U((D
0
E)
′ ∩ C∗(E)).
If u ∈ UE then uSe, e ∈ E
1, are partial isometries in C∗(E) which together with
projections Pv, v ∈ E
0, satisfy (GA1) and (GA2). Thus, by the universality of C∗(E),
there exists a unital ∗-homomorphism λu : C
∗(E)→ C∗(E) such that1
(4) λu(Se) = uSe and λu(Pv) = Pv, for e ∈ E
1, v ∈ E0.
The mapping u 7→ λu establishes a bijective correspondence between UE and the semi-
group of those unital endomomorphisms of C∗(E) which fix all Pv, v ∈ E
0. As observed
in [6, Proposition 2.1], if u ∈ UE ∩ FE then λu is automatically injective. We say λu is
invertible if λu is an automorphism of C
∗(E). We denote
(5) B := (D0E)
′ ∩ F1E .
That is, B is the linear span of elements SeS
∗
f , e, f ∈ E
1, with s(e) = s(f) and r(e) =
r(f). We note that B is contained in the multiplicative domain of ϕ and we have
D1E ⊆ B ⊆ F
1
E . If u ∈ U(B) then λu is automatically invertible with inverse λu∗ and
the map
(6) U(B) ∋ u 7→ λu ∈ Aut(C
∗(E))
is a group homomorphism with range inside the subgroup of quasi-free automorphisms of
C∗(E), see [17]. Note that this group is almost never trivial and it is non-commutative
if graph E contains two edges e, f ∈ E1 such that s(e) = s(f) and r(e) = r(f).
The shift ϕ globally preserves UE , FE and DE. For k ≥ 1 we denote
(7) uk := uϕ(u) · · ·ϕ
k−1(u).
For each u ∈ UE and all e ∈ E
1 we have Seu = ϕ(u)Se, and thus
(8) λu(SµS
∗
ν) = u|µ|SµS
∗
νu
∗
|ν|
for any two paths µ, ν ∈ E∗.
3. Quasi-free automorphisms
In this section, we extend the main result of [7], applicable to the Cuntz algebras, to
a much wider class of graph C∗-algebras.
For the proof of Lemma 1, below, we recall from Lemma 3.2 and Remark 3.3 in [7]
that if x ∈ C∗(E), x ≥ 0, and xDE = DEx then x ∈ DE.
Lemma 1. Let u ∈ U(B) be such that uD1Eu
∗ 6= D1E, and let x ∈ FE be arbitrary. If
xλu(DE) = DEx then x = 0.
1The reader should be aware that in some papers (e.g. in [12]) a different convention is used, namely
λu(Se) = u
∗Se.
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Proof. Suppose x ∈ FE is such that ||x|| = 1 and xλu(DE) = DEx. From this we will
derive a contradiction.
Since uD1Eu
∗ 6= D1E, there exists a vertex v ∈ E
0 such that uD1Eu
∗Pv 6= D
1
EPv.
Thus, since uD1EPvu
∗ = uD1Eu
∗Pv, we can take a projection p ∈ D
1
EPv satisfying δ :=
inf{||upu∗ − q|| | q ∈ D1E} > 0. Since Φ
1
F(q
′) ∈ D1E, for all q
′ ∈ DE we get
||upu∗ − q′|| ≥ ||Φ1F(upu
∗ − q′)|| = ||upu∗ − Φ1F (q
′)|| ≥ δ.
By assumption, for each k ∈ N there is a qk ∈ DE such that
(9) xλu(ϕ
k(p)) = qkx.
Since uk ∈ F
k
E and ϕ
k(upu∗) ∈ ϕk(B) = (FkE)
′ ∩ Fk+1E , we have
(10) λu(ϕ
k(p)) = ukϕ
k(λu(p))u
∗
k = ukϕ
k(upu∗))u∗k = ϕ
k(upu∗).
Identities (9) and (10) combined yield 0 = xλu(ϕ
k(p)) − qkx = xϕ
k(upu∗) − qkx.
Since upu∗ ∈ B, the sequence {ϕk(upu∗)}∞k=1 is central in FE . Therefore we have
limk→∞(ϕ
k(upu∗) − qk)xx
∗ = 0. It follows from the assumption on x that xx∗DE =
DExx
∗, and thus we may conclude that xx∗ ∈ DE.
Now, take an arbitrary ǫ > 0. For a sufficiently large m ∈ N, we have
lim sup
k→∞
||(ϕk(upu∗)− qk)Φ
m
F (xx
∗)|| ≤ ǫ and ||ΦmF (xx
∗)|| ≥ 1− ǫ.
Thus we can find a projection d ∈ DmE such that lim supk→∞ ||(ϕ
k(upu∗)− qk)d|| ≤
ǫ
1−ǫ
.
Since graph E is transitive, for a sufficiently large k ∈ N we can find a path µ ∈ Ek
such that r(µ) = v and SµS
∗
µ ≤ d. But now we see that
3ǫ ≥ ||(ϕk(upu∗)− qk)d|| ≥ ||(ϕ
k(upu∗)− qk)SµS
∗
µ|| = ||upu
∗Pv − S
∗
µqkSµ|| ≥ δ.
Since ǫ can be arbitrarily small, this is the desired contradiction. 
Now, we are ready to prove our main result.
Theorem 2. Let u ∈ U(B) be such that uD1Eu
∗ 6= D1E. Then there is no non-zero
element x ∈ C∗(E) satisfying xλu(DE) = DEx. In particular, there is no unitary
w ∈ C∗(E) such that wDEw
∗ = λu(DE).
Proof. Let x ∈ C∗(E) be such that xλu(DE) = DEx. To verify that x = 0, it suffices to
show that Φm(x) = 0 for all m ∈ Z.
We have S∗µDESµ = Pr(µ)DE for each µ ∈ E
∗. Thus Pr(µ)xλu(DE) = Pr(µ)DEx =
S∗µDESµx, and hence Sµxλu(DE) = DESµx. Therefore by Lemma 1, we get
ΦF (Sµx) = 0 for all µ ∈ E
∗.
Let m ∈ N. For a vertex v ∈ E0 take a path µ ∈ Em with r(µ) = v. Then 0 =
ΦF(Sµx) = SµΦ
−m(x). Thus PvΦ
−m(x) = 0, and summing over all v ∈ E0 we see that
Φ−m(x) = 0 for all m ∈ N.
Now, taking adjoints of both sides of the identity xλu(DE) = DEx and then applying
λu∗ = λ
−1
u , we get λu∗(x
∗)λu∗(DE) = DEλu∗(x
∗). Since u∗ ∈ U(B) and u∗D1Eu 6=
D1E, applying the preceding argument, we get Φ
−m(λu∗(x
∗)) = 0 for all m ∈ N. But
Φ−m(λu∗(x
∗)) = λu∗(Φ
−m(x∗)) = λu∗(Φ
m(x)). Thus Φm(x) = 0 for all m ∈ N, and the
proof is complete. 
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Corollary 3. Let u, v ∈ U(B) be such that uD1Eu
∗ 6= vD1Ev
∗. Then there is no unitary
w ∈ C∗(E) such that wλu(DE)w
∗ = λv(DE).
4. Conjugacy by polynomial automorphisms of the UHF-subalgebra of
the Cuntz algebra
In this section we give a condition for inner conjugacy by polynomial automorphism
of the core UHF-subalgebra of the Cuntz algebra On, using the unique normalized trace
on Fn which will be denoted by τ .
Let W kn be the set of tuples µ = (µ1, ..., µk) where µi ∈ {1, ..., n}, and define Wn =⋃∞
k=0W
k
n where W
0
n = {0}. We denote by Sn the group of unitaries in On which can
be written as finite sums of words. Hence an element u ∈ Sn is of the form u =∑
(α,β)∈J SαS
∗
β, where J is a finite collection of pairs (α, β) with α, β ∈ Wn. In the
following we denote by P (Dn) the set of projections in Dn.
Theorem 4. Let u ∈ Sn with λu ∈ Aut(On). If there exists a sequence {Pn} in P (Dn)
such that
(11)
τ(λu(Pn))
τ(Pn)
→∞ or 0,
then for all w ∈ U(On) and v ∈ U(Fn) we have λu 6= Adwλv. This implies in particular
that Fn and λu(Fn) are not inner conjugate.
For the proof of Theorem 4 we need the following result.
Lemma 5. If u ∈ U(On) such that uDnu
∗ ⊆ Fn then u has a finite Fourier series.
Proof. Let u have the Fourier series
∑
k∈Z uk, uk := Φ
k(u). Let P ∈ Dn and fix k ∈ Z
then
uPu∗uk =
∫
U(1)
z−kγz(uPu
∗u)dz =
∫
U(1)
z−kγz(uP )dt = ukP.
Where we have used that uDnu
∗ ⊆ Fn to write uPu
∗γz(u) = γz(uPu
∗u).
It follows that P (u∗uk) = (u
∗uk)P for P ∈ Dn. Hence u
∗uk ∈ D
′
n ∩ On and since Dn
is a MASA there exists a dk ∈ Dn such that uk = udk. Now we have
uk =
∫
U(1)
z−kγz(uk)dz =
∫
U(1)
z−kγz(udk)dz = ukdk.
Hence udk = udkdk and dk = d
2
k, which shows that dk is a projection in Dn. For k,m ∈ Z
with k 6= m we have
0 =
∫
U(1)
γz(u
∗
kum)dz =
∫
U(1)
γz(d
∗
kdm)dz = dkdm.
Hence {dk} are mutually orthogonal projections in Dn.
There exists an element of the form w =
∑
j tjSαjS
∗
βj
(finite sum) tj ∈ C, such that
||u− w|| < ǫ. Also, there exists N ∈ Z such that for k > N we have Φk(w) = 0, since
w has a finite Fourier series. Then
‖uk‖ = ||Φ
k(u)|| = ||Φk(u− w)|| ≤ ||u− w|| < ǫ, for k > N.
Hence ‖uk‖ → 0 and thus ‖dk‖ → 0. Since dk are all projections the series {dk} is finite,
concluding that u has a finite Fourier series since uk = udk. 
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Proof of Theorem 4. We recall that if α ∈ Aut(On) then Fn and α(Fn) are inner conju-
gate if and only if there exists w ∈ U(On) such that α(Fn) = Adw(Fn). This is equiva-
lent to that Ad(w∗)α(Fn) = Fn. If we have an automorphism which globally preserves
Fn then Ad(w
∗)α is equal λv for some v ∈ U(Fn) [12, Proposition 1.2(b)], [10, Proposi-
tion 3.3] therefore α = Adwλv. Hence Fn and α(Fn) are inner conjugate if and only if
there exist w ∈ U(On) and v ∈ U(Fn) s.t. α = Adwλv.
Assume that λu = Adwλv for w ∈ U(On) and v ∈ U(Fn). We will assume w /∈
Fn otherwise Adw is trace preserving which contradicts (11) since λv is also trace
preserving. We wish to proof that there are no sequence of projection such that we get
(11).
Since λu ∈ Aut(On) we have λv ∈ Aut(On) and Adw
∗ = λvλ
−1
u . Therefore Adw
∗(Dn) ⊆
Fn [10, Proposition 3.3]. We wish to show that there exists M > 0 such that
(12)
τ(w∗Pw)
τ(P )
≤M, for P ∈ P (Dn).
By Lemma 5, w∗ has a finite Fourier series and we can write w∗ =
∑k
j=1 S
∗
v
jx−j + x0 +∑k
j=1 xjS
j
v , with v ∈ {1, 2, ..., n} and x0, x±j ∈ Fn.
For any word µ with |µ| > k and 1 ≤ j ≤ k, we can write µ = νjµj such that |νj | = j.
Then τ(Pµ) =
1
n|µ|
=
1
nj
τ(Pµj ) ≥
1
nk
τ(Pµj ).
The only parts contributing to τ(w∗Pw) are
k∑
j=1
S∗v
jx−jPx
∗
−jS
j
v,
k∑
j=1
xjS
j
vPS
∗
v
jx∗j , x0Px
∗
0.
We have S∗v
jx−jSνj ∈ Fn because |vj | = j. Hence
τ(S∗v
jx−jPµx
∗
−jS
j
v) = τ((S
∗
νj
x∗−jS
j
vS
∗
v
jx−jSνj )Pµj).
Note that Sjv
∗
x−j is contractive since Φ
−j(w∗) = Sjv
∗
x−j and Φ
j is contractive. By the
Cauchy-Schwarz inequality we get τ(S∗v
jx−jPµx
∗
−jS
j
v) ≤ τ(Pµj ) ≤ n
kτ(Pµ). On the other
hand, using that Φj(w∗) = xjS
j
v is contractive and the Cauchy-Schwarz inequality we
have
τ(xjS
j
vPµS
∗
v
jx∗j ) = τ((xjS
j
vS
j
v
∗
)(SjvPµS
∗
v
j)(SjvS
j
v
∗
x∗j ))
≤ τ(SjvPµS
∗
v
j) ≤ τ(Pµ).
We also have τ(x∗0Pµx0) = τ(x0x
∗
0Pµ) ≤ τ(Pµ) since Φ
0(w∗) = x0 which is contractive.
Hence there exists a constant M > 0 satisfying τ(w∗Pµw) ≤ Mτ(Pµ) for any word µ
with |µ| > k. If |µ| ≤ k we can extend the length until it is greater than k using
that
∑n
i=1 SiS
∗
i = 1. Hence τ(w
∗Pw) ≤ Mτ(P ) for any P ∈ P (Dn). Since λv is trace
preserving we have
(13)
τ(Adw∗λu(P ))
τ(P )
=
τ(λv(P ))
τ(P )
= 1, for P ∈ P (Dn).
Hence 1
M
≤ τ(λu(P ))
τ(P )
for P ∈ P (Dn) since
τ(P )
τ(λu(P ))
= τ(Adw
∗(λu(P ))
τ(λu(P ))
≤ M for P ∈ P (Dn).
Then there are no sequence of projections {Pn} such that
τ(λu(Pn))
τ(Pn)
tends to 0. To
show that it has no sequence of projections such that the limit is infin
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λu(Fn) is inner conjugate to Fn if and only if λ
−1
u (Fn) is inner conjugate to Fn. Indeed,
if λu(Fn) = wFnw
∗ then Fn = λ
−1
u (w)λ
−1
u (Fn)λ
−1
u (w
∗).
Now, assume that there exists a sequence {Pn} such that
τ(λu(Pn))
τ(Pn)
→ ∞, then
τ(Qn)
τ(λ−1u (Qn))
→ ∞ where Qn = λu(Pn). But then {Qn} is a sequence of projections such
that τ(λ
−1
u (Qn))
τ(Qn)
→ 0. Since for u ∈ Sn we have λ
−1
u = λv for some v ∈ Sn, [9, Theorem
2.1], we can use the same argument as above to show that there exists M ′ > 0 such that
1
M ′
≤ τ(λ
−1
u (P ))
τ(P )
for P ∈ P (Dn). The claim follows. 
Example 6. Let w = S22S
∗
212 + S212S
∗
22 + P211 + P1 ∈ S2 then
λw(S1) = S1, λw(S2) = S2(S2S
∗
12 + S12S
∗
2 + P11).
Let u = S2S
∗
12 + S12S
∗
2 + P11 ∈ S2, note that u ∈ U(C
∗(S1)). Let αu be defined by
αu(S1) = S1 and αu(S2) = S2u, then αu is an automorphism with inverse αu∗ and
λw = αu. Hence λw is an automorphism of O2. Consider βk = (22...2), which is a word
of length k only containing 2′s and let γk = (21212...12) be a word of length 2k−1 then
λw(Pβk) = S2uS2uS2u · · ·S2uu
∗S∗2u
∗S∗2 · · ·u
∗S∗2 = Pγk
since uS2 = S12. We then have
τ(λw(Pβk ))
τ(Pλk )
= 1
2k−1
which tends to 0 as k →∞. Hence F2
and λw(F2) are not inner conjugate by Theorem 4 using the sequence {Pβk}.
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